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Wind Shear Estimation by Frequency-Shaped Optimal Estimator

B. K. Kirn* and J. A. Bossit
University of Washington, Seattle, Washington

This paper presents a formulation of the frequency-shaped optimal estimator and investigates the role of the
measurement noise shaping function in this estimator. This shaping function creates transmission zeros and af-
fects the singular values of the estimator transfer matrix, which can be used to improve control system
robustness. The resulting estimator design technique has been applied to the estimation of wind shear onboard
an airplane, and its performance has been simulated and compared with a reference Kalman filter.

Nomenclature
A = system dynamics matrix
AV,BV,CV,DV = realization matrices of measurement

noise shaping function
AW9BW,CW,DW = realization matrices of process noise

shaping function
ahm = mean horizontal wind shear
ahm = estimate of ahm
Bc = control distribution matrix
C = measurement distribution matrix
cf = thrust coefficient
F(s) = shaping filter transfer matrix
ft = wind turbulence characteristic frequency
Gc = feedback control gain matrix

= gains of frequency-shaped estimator
= spectral density matrix of process noise
= process noise shaping function
= spectral density matrix of measurement

noise
= measurement noise shaping function
= estimator residuals
= ground speed measurement
= Laplace transform frequency variable
= estimator transfer matrix
= time
= equilibrium airspeed
= perturbed airspeed measurement

uc = control vector
Vhm = mean horizontal wind speed
Vht - turbulence in horizontal wind
v,v' = measurement noise vector, Gaussian

white noise vector
w,w' = process noise vector, Gaussian

white noise vector
X ( - ) = stability derivatives for aircraft

longitudinal axis
X9xw9xv9xz = state vectors of system and shaping filters
x,xw,xv,x' = estimates of state vectors
y' - output vector
Z( •) = stability derivatives for aircraft vertical

axis
z = measurement vector
de = elevator angle, deg
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= process noise components of wind
dynamics

= perturbed pitch angle
= measurement noise for airspeed and

ground speed
= system dynamics transfer matrix

co = frequency

Introduction

AUTOLAND control systems designed to maintain
airspeed in the presence of wind shear tend to have large

bandwidths that admit significant amounts of noise from wind
turbulence through the airspeed measurement. This noise can
produce unacceptable levels of control activity, particularly in
thrust control. Previous research1 has shown that onboard
estimation of wind shear is possible by means of a steady-state
Kalman filter; however, sufficiently responsive estimates still
contain significant noise due to the first-order roll off
characteristics of the Kalman filter.

Gupta2 has proposed the use of frequency-shaped cost func-
tionals in optimal estimator design to improve the frequency
response characteristics of the estimate. These functional
result in additional dynamic states in the estimator, but these
states need not be fed to the regulator in the complete control
loop, so various estimator formulations could be used with the
same regulator design.

Application of Gupta's approach to wind shear estimation
requires careful selection of the frequency shaping functions
since a robust estimator is necessary due to the inability to ac-
curately define a dynamic model for all wind shear conditions.
Safonov3 and others have discussed the importance of the
singular values of the system return difference matrix in deter-
mining system robustness. A reformulation of Gupta's noise-
shaping transfer functions, described in this paper, shows that
the poles of the measurement noise shaping function become
transmission zeros of the estimator transfer matrix, which per-
mits some control of the system singular values. Thus, robust
estimation with good high-frequency attenuation can be
achieved.

Subsequent sections describe the formulation of the
frequency-shaped estimator, its application to wind shear
modeling for a phugoid approximation of a typical transport
airplane, and its simulated performance in a speed-hold
system.

Frequency-Shaped Optimal Estimator
Consider the linear system:

w

(1)
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As Gupta shows (Ref. 2 and references therein), the assump-
tion of frequency-shaped cost functionals in the performance
index can be implemented by treating w and v as autocor-
related noise sources generated by shaping filters of the form

where Q and R are functions of the complex frequency yco such
that

Here Ql/2 and Rl/2 are rational functions of y'w (i.e. transfer
matrices) and [ . ]* represents complex conjugation.

Gupta shows that for systems with states of finite
amplitude, Q1/2 must represent proper transfer functions (i.e.,
having at least as many poles as zeros), so that it can be realiz-
ed by a dynamic system of the form

(3)

However, Rl/2(ju) is not similarly restricted; indeed, strictly
proper transfer functions in Rl/2 would cause R to approach
zero at high frequency, implying perfect measurements in that
frequency range. Thus, for systems with realistic sensor
models, the inverse filter R-l/2(jw) should be proper, and the
measurement equations from Eq. (1) can be expressed, using
Eq. (2), as

(4)

Define a pseudomeasurement as

and a noise-free output as

Then a dynamic realization of R ~ 1/2 can be formed as

xv=Avxv+BvCx

y'=Cvxv+DvCx

with pseudomeasurement written as

z' = Cvxv+DvCx+v'

(5)

(6)

Combining Eqs. (1), (3), (5), and (6) defines a dynamic
system driven- by independent white noise sources for which a
constant-gain estimator (i.e., a steady-state Kalman filter) can
be designed. This estimator can be represented by the
equations

x=Ax + Cwxw + K[z' - Cvxv -DvCx\+Bcuc

xw =Awxw + Kw[z' — Cvxv —DvCx]

xv=Avxv+BvCx + Kv[z'-Cvxv-DvCx] (7)

where z' is obtained from z, using the realization of R~
in Eq. (5), by the equations

xz=Avxz+Bvz

Thus, the designer's problem is to select Q1/2(/w) and
R-V2(ju)), construct their realizations in Eqs. (3) and (5), and
then design the estimator in Eq. (7) to meet performance re-
quirements. The resulting estimator algorithm can be im-
plemented by combining Eqs. (7) and (8). Letting x' =xz -xy, '
the implementation becomes

x = (A-KDvC)x+Cwxw+KCvx' +KDv

Xw
 == A WXW^^}~ J\ w C> VX — J\ yfi^

x' = (Av-KvCv)xf - (Bv-KvDv)Cx + (Bv-KvDv)z (9)

where measurements z are the input, and only x is fed to the
regulator using, for example, the control law uc = Gcx. While
techniques such as linear-quadratic synthesis can be used to
obtain gains K, Kw, Kvt and Gc, the question of how to select
the shaping filters remains. Since shaping filters add dynamic
states to the estimator, the designer must trade performance
and complexity in selecting the filters. Criteria for this selec-
tion can be developed based upon the effect of these filters on
estimator frequency response; and, thus, on control loop
robustness.

Transmission Zeros, Singular Values, and Robustness
For multivariable systems, frequency response charac-

teristics are not as easily defined as for single-input/single-
output (SI SO) systems. However, theoretical efforts have been
made to relate system robustness (i.e., margins of stability) to
the magnitudes of the singular values4 of return difference
matrices.3'5 These vary with frequency, and their values are in-
fluenced by the presence of transmission zeros in the loop.
(Transmission zeros are the values of s at which an input signal
produces no output.6) It can be shown, as is done in detail in
Ref. 7, that measurement noise shaping can be used to insert
transmission zeros in a multivariable loop at specified fre-
quencies, altering the robustness of the loop.

This effect can be seen by taking the Laplace transform of
Eq. (9) and formulating the block diagram of Fig. 1, where

r = z-Cx and r'=Dvr+Cvx

Here, the transfer matrices for the system and each of the
shaping filters, as obtained from Eqs. (1), (3), and (5), are
represented by

and, similarly, for $w(.s) and $v(s). Note that the shaping
filters form cascade elements for the standard estimator of Eq.
(1), i.e. if Q1/2 and R'/2 are identity matrices and Kw =KV = Q,
then r' -r and the steady-state Kalman filter results.

The feedback of Kv alters the poles of $v(s), but the
numerator polynomials of the transfer matrix fromr to r' are
preserved and thus appear in TF(s), the estimator transfer
from z to x . For the SISO case, this polynomial represents the
zeros of R ~ 1/2 (i.e. the poles of RV2)\ and for the multivariable
case, these polynomials can be shown to satisfy the definition
of transmission zeros when R ~ l/2 is diagonal.7 To see this, Fig.
1 can be rearranged as shown in Fig. 2 where the measurement
prefilter of Eq. (8) has been separated from the shaping filters
in Eq. (7), which are represented by F(s). Then, setting Gc to
zero for convenience,

so that

x(s) =3>(s)F(s)R-l/2 ( s ) [ z ( s ) - C x ( s ) ]

= [7+ $ (s)F(s)R ~ 1/2 (s) C\ ~ { $ (s)F(s)R ~ l/i (s)

(8)

Thus, R ~ 1/2 is a factor of TF and, if it is diagonal with each ele-
ment representing a SISO shaping function for a particular
measurement, the zeros of r,~ 1/2 (5) will appear in the
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Fig. 1 Estimator block diagram for TF(s).
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Table 1 Stability derivatives

Fig. 2 Estimator diagram displaying cascaded pre-filter R-^2 (s).

numerators of all entries in the rth column of TF. Therefore,
classical SISO compensators can be used as measurement
shaping filters and produce transmission zeros of the
multivariable control loop at frequencies selected by the
designer.

The capability to modify control loop singular values in
specified ways by selection of these shaping functions is cur-
rently being investigated. However, the study reported in the
next section showed that the introduction of lag compensation
produces transmission zeros at high frequencies that reduce
noise transmission while retaining good time response
characteristics.

Wind Shear Estimation
with Measurement Noise Shaping

The design and analysis procedure described above has been
applied to a wind shear estimator for use in a typical speed-
hold system for a large transport airplane in the landing ap-
proach condition. Only measurement noise shaping has been
applied to introduce lag compensators for smoother estimates
and system robustness. Performance of the resultant estimator
has been analyzed and compared with a reference Kalman
filter. Process noise shaping is being considered in further
studies.

A phugoid approximation of airplane dynamics in the
stability axis system has been selected for this analysis, i.e.,

u = Xuu-qO/(51.3)-XuVhm-XuVht+Xtct

(10)+ ZuVht-Ztct-Ze6e)

The wind dynamics are taken from Refs. 1 and 8, with vertical
wind velocity assumed to be zero and horizontal wind, ap-
proximated as parallel to the longitudinal axis, given by

(ID

where/, = 6.6 s"1 is used, which corresponds to a turbulence
correlation length equivalent to the length of the airplane.

For the system model, x=[u6VhmahmVht]T and uc = [dect]T

have been selected, and the airspeed and ground speed have

TM=-0.04399 1/s
, = 0.3321 (ft/s2)(l/unit)

Zu=- 0.2626 1/s
Z,= -0.02142 (ft/s2)(l/unit)
Ze=-0.1382(ft/s)(l/deg)

been chosen as the measurements z= [uafm]T where

,. _ jj _ IS _ IS I ,.ua u ¥ hm * ht~ vua

fm = u + v, (12)

Stability derivatives of a typical transport airplane at land-
ing approach flight condition, as shown in Table 1, are used in
this example with U0 = 240 ft/s and a thrust of 5840 Ib per unit
of ct.

For this sytem, a Kalman filter with a reasonable step
response has been designed first, as a reference. Its perfor-
mance is as shown in Fig. 3, which shows a rise time of 8-9 s
and a significant level of noise at frequencies above 1 rad/s. If
this estimator is used in closed-loop control of the airplane,
however, the high frequency component of the power spectral
density (PSD) will result in high frequency control activity.

To select measurement noise shaping functions, note that
the transfer functions from horizontal wind to the
measurements are, from the dynamics of Eq. (10),

s2+ 0.045 + 0.0342
0.044(^ + 0.78)

.04s+ 0.0342

From this it is clear that in the frequency range of turbulence,
the second measurement, ground speed, attenuates noise
significantly; so major shaping needs to be applied to the first
measurement, airspeed. It has been observed that rational
functions of the same order in the numerator and
denominator of the shaping function provide the most flex-
ibility in estimator performance. Also, since higher order
polynomials require more system states, the order should not
be increased unnecessarily. Thus, polynomials of the second
and the third orders from the classical Butterworth and ITAE
filters9 have been investigated, and the second order Butter-
worth pattern has been determined to be the most adequate
for the numerator and the denominator of the shaping
function.

As mentioned in the previous section, the introduction of
lag compensation in TF(s) has been found to achieve smooth
wind shear estimates. This requires a smaller corner frequency
of the denominator than of the numerator in rirI/2 ( s ) , which
implies that measurement noise R(ju>) should increase for fre-
quencies above the denominator corner frequency. Therefore,
this frequency needs to be greater than the operating fre-
quency of the estimator to minimize the effects on the time
response. Once the denominator is determined from these con-
siderations, then the order of the polynomials and the corner
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Fig. 3 Performance of the reference Kalman filter.
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Fig. 4 Performance of the frequency-shaped estimator.
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Fig. 5 Simulated performance of the reference Kalman filter.

Table 2 Estimator gain matrices

Ref. Kalman
"- 0.048 0.266 "

0.058 -0.063

-1.119 0.313

-0.309 0.024

.-0.665 0.0005

Frequency-shaped
K Kv

'-0.212 0.333"

0.241 -0.084

-2.250 0.508

-0.573 0.063

-0.241 0.013

" 0.723 -0.082"

0.812 -0.122

-0.045 0.163
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Fig. 6 Simulated performance of the frequency-shaped estimator.

Table 3 Control gain matrix Gc

-0.34 -3.96 0.34 0 0

-1.36 -4.06 1.36 3.0 0

frequency of the numerator determines the intensity of the
noise assumed in the high frequency range.

Thus, since the phugoid frequency is roughly the operating
range of the speed-hold system, the inverse of the shaping
function for the first measurement noise has been selected to
be

rf * (S) = (s2 + 2.85 + 4.0)/16(s2 + 0.75 + 0.25)

which has corner frequencies at co = 0.5 and 2 rad/s and,
therefore, assumes the noise to have a magnitude at higher fre-
quency 16 times greater than at lower frequency.

Shaping the first measurement only with the above function
has proved to provide good noise attenuation at high fre-
quency. Further study7 suggested that control loop robustness
could be further improved by minor shaping applied to the
second measurement, using a Ist-order function

r-y* (S) = (5 +1.5)73(5 + 0.5)

which assumes the noise to have three times greater magnitude
at higher frequency than at lower frequency. The performance
of the estimator using these noise shaping functions is shown
in Fig. 4, which shows significant improvement in PSD of dhm
over the reference Kalman filter while maintaining the
equivalent time response.

Figures 5 and 6 show the simulated performance of the
reference Kalman filter and the frequency-shaped optimal
estimator described above. Each estimator (see Table 2) has
been inserted in a simulation of the autopilot system using the
phugoid model of Eqs. (10-12) and a linear-quadratic
regulator (see Table 3). For this simulation,

has been assumed, with the von Karman turbulence of non-
Gaussian distribution,10'11 which represents a severe wind con-
dition for landing approach.1 As is clear from these simula-
tion results, the frequency-shaped estimator exhibits a much
smoother wind shear estimate while keeping the time response
characteristics equivalent to those of the reference Kalman
filter. A more extensive example for a full-order aircraft
model is given in Ref. 7.
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Conclusions
The results of this study indicate that frequency shaping of

the measurement noise for an onboard estimation of wind
shear can be effective in reducing the high frequency noise in
the estimate while retaining good time response. These results
are achieved by assigning transmission zeros of the estimator
transfer function to an appropriate frequency band, which
also influences control system robustness. The process of
determining desired transmission zeros, based on desired noise
attenuation, aids the selection of shaping functions to be used
in the estimator. The relation of these functions to control
loop robustness through the singular values of the return dif-
ference matrices is currently being studied.
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